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5.3. PROPERTIES OF GRAVITATIONAL-WAVE ECHOES 117

Fig. 5.3. Examples of the gravitational ringdown+echo template in the time domain for a
horizonless compact objectwith δ/M = 10−7 and different values of the surface reflectivity
R(ω) = const and the spin χ. The real (blue curve) and the imaginary (orange curve)
part of the waveform are the plus and cross polarization of the signal, respectively. For
simplicity, the ringdown signal is purely plus-polarized. Each waveform is normalized to
the peak of |R[h(t)]| in the ringdown. Additional waveforms are provided online [1, 203].

The amplitude of the absolute value of the signal decreases mono-
tonically and it is proportional to the product RRBH, i.e., it depends
on the combined action of the reflection at the ECO surface and the
photon-sphere barrier. Let us notice that the spin of the object and the
phase of the surface reflectivity introduce novel effects compared to
previous studies [208, 273] such as a nontrivial amplitude modulation
of subsequent echoes in each polarization of the GW signal. This is
evident, for example, in the panels of Fig. 5.3 corresponding to χ = 0.7,
R = 1 and χ = 0, R = eiπ/3.

5.3.1. Mixing of polarizations
An interesting feature of the GW echoes is that the signal can contain

both the plus and cross polarizations even if the initial ringdown is
purely plus polarized (i.e., A× = 0). This feature occurs in the cases
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118 CHAPTER 5. GRAVITATIONAL-WAVE ECHOES

of a spinning remnant or a complex surface reflectivity, as shown in
Fig. 5.3. This property can be explained as follows. In the non-spinning
case, and provided

Rχ=0(ω) = R∗
χ=0(−ω∗) , (5.20)

the transfer function satisfies the symmetry property

Kχ=0(ω) = K∗
χ=0(−ω∗) . (5.21)

The time domain echo waveforms are real (imaginary) if the ringdown
waveform is real (imaginary). Therefore, in the non-spinning case, the
echo signal contains the same polarization of the BH ringdown and the
two polarizations do not mix. Remarkably, this property is broken in
the following cases:

1. when R is complex and does not satisfy Eq. (5.20), as shown in
the second row of Fig. 5.3;

2. in the spinning case, even when R is real or satisfies Eq. (5.20), as
shown in the second and third columns of Fig. 5.3.

In either cases, a mixing of the polarizations occurs. In particular, in
the spinning case and when R is real, the transfer function satisfies an
extended version of Eq. (5.21)

K(ω, m) = K∗(−ω∗,−m) , (5.22)

that does not prevent themixing of the polarizations due to the m → −m
transformation.

As shown in Fig. 5.3, if the BH ringdown is a purely plus-polarized
wave, it can acquire a cross-polarization component upon reflection by
the photon-sphere barrier (when χ ̸= 0) or by the surface (when R is
complex and does not satisfy Eq. (5.20)). Themixing of the polarizations
can explain the involved echo pattern shown in some panels of Fig. 5.3.
For example, for χ = 0 andR = eiπ/3 each echo is multiplied by a factor
eiπ/3 relative to the previous one. As a consequence, every three echoes
the imaginary part of the signal (i.e., the cross polarization) is null.

5.3.2. Phase inversion
The phase of each subsequent echo depends on the term RRBH,

i.e., on the combined action of the reflection at the surface of the object
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5.3. PROPERTIES OF GRAVITATIONAL-WAVE ECHOES 119

and the photon-sphere barrier. The phase inversion occurs whenever
RRBH ≈ −1 for low frequencies. In Fig. 5.3, the first, the second, and
fourth row all correspond to perfect reflectivity, |R| = 1, however their
echo structure is different. This is because a phase term in the surface
reflectivity introduces a nontrivial echo pattern.

It is worth mentioning that there exist several definitions of the radial
wave function describing the perturbations of a Kerr metric; these are
all related to each other by a linear transformation similar to Eq. (4.9).
The BH reflection coefficients that are defined for each function differ
by a phase, while the quantity |RBH|2 (that is related to the energy
damping/amplification) is invariant [92].

The transfer function in Eq. (5.7) contains both the absolute value
and the phase of RBH. Therefore, one might wonder whether the ambi-
guity in the phase could affect the ECO response. For a given model, it
should be noted that the surface reflectivity R is affected by the same
phase ambiguity, in accordance with the perturbation variable chosen to
describe the problem. Since the transfer function depends on the combi-
nation RRBH, the phase ambiguity in R cancels out with that in RBH.
This ensures that the transfer function is invariant under the choice of the
radial perturbation function, as expected for any measurable quantity.

For example, at small frequencies the BH reflection coefficient de-
rived from the asymptotics of the Regge-Wheeler function at x → −∞
has a phase difference of π compared to the BH reflection coefficient de-
rived from the Detweiler function with χ = 0. Consistently, the surface
reflectivity associated to the former differs by a phase π to the latter, i.e.,
if R = 1 for the Regge-Wheeler function then R = −1 for the Detweiler
function in the same model. All the choices of the radial wave functions
are equivalent and – in the same ECO model – the surface reflectivity R
should be different for each of them. This fact is particularly important
in light of the mixing of the polarizations. As shown in the second row
of Fig. 5.3, a phase in R introduces a mixing of the polarizations for any
spin that results in a more involved pattern for the GW echoes.

The phase of the surface reflectivityR depends on the specific model
of horizonless compact object. In the analyses of Sec. 5.5, we parametrize
the surface reflectivity in a model-agnostic way as

R = |R|eiϕ . (5.23)

In principle, both the absolute value and the phase are generically
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Fig. 5.4. Total energy emitted in the ringdown+echo signal normalized by the one of the
BH ringdown as a function of the surface reflectivity R and for several values of the spin
χ. The total energy is much larger than the BH ringdown energy in the limit R → 1. We
set δ = 10−5 M and consider only one ringdown polarization with ϕ+ = 0; the result is
independent of δ in the δ ≪ M limit. [203]

frequency-dependent; for simplicity, we choose them to be constants.
Hence, we parametrize the template by |R| and ϕ, different choices of
which correspond to different models of horizonless compact objects.

5.3.3. Energy emission and superradiant instability
The energy emitted in the ringdown+echo signal is shown in Fig. 5.4,

where the energy
E ∝

∫ ∞

−∞
dω ω2|Ẑ+|2 (5.24)

is normalized by the one corresponding to the ringdown alone, i.e.,
ERD ≡ E(R = 0), and it is a function of the surface reflectivity R. We
use the prescription of Ref. [126] to compute the ringdown energy, i.e.,
Ẑ+

BH is the full response in the frequency domain obtained by a Fourier
transform of

Z+
BH(t) ∼ A+ cos(ωRt + ϕ+)e−|t|/τ , (5.25)

where the absolute value of t is at variance with Eq. (5.11). This prescrip-
tion circumvents the problem associated with the Heaviside function
in Eq. (5.11) that produces a spurious high-frequency behavior in the
energy flux, leading to an infinite energy in the ringdown signal. With
the above prescription, the energy defined in Eq. (5.24) is finite and
reduces to the energy of the BH ringdown in Ref. [126] when R = 0.
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The energy emitted by a horizonless compact object can be much
larger than the BH ringdown, as shown in Fig. 5.4 when R ≈ 1. This
feature is due to the reflection and the amplification of waves in the
cavity between the photon-sphere barrier and the radius of the compact
object. The energy contained in the echo part of the signal grows fast
as |R| → 1 reaching a maximum value that depends on the spin and
can be larger than the energy of the BH ringdown. This feature is due
to the excitation of the resonances corresponding to the low-frequency
QNMs of the compact object. However, it is worth noticing that the
low-frequency resonances are excited only at late times, therefore the
first few echoes contain a small fraction of the total energy of the sig-
nal. Conversely, when R is significantly smaller than unity, subsequent
echoes are suppressed and their total energy is modest compared to the
one of the BH ringdown.

Let us notice thatwhen |R| ≈ 1 the total energy is expected to diverge
due to the ergoregion instability, as discussed in Sec. 4. This feature
is not captured by the inverse Fourier transform of Ẑ+(ω) since the
time-domain signal is not integrable when t ≳ τinst. Since the instability
timescale is much longer than the echo delay time, the time interval of
validity of the waveform includes a large number of echoes. In partic-
ular, the ergoregion instability does not affect the first N ∼ | log δ/M|
echoes [85]. At late times, the signal growswhen |RRBH| > 1, i.e. when
the combined action of the reflection by the surface and the BH barrier
yields an amplification factor larger than unity. When |R| ≈ 1, this
requires |RBH| > 1 which occurs when the condition for superradiance,
ω < mΩH , is satisfied.

5.3.4. Frequency content
The photon-sphere barrier acts as a high-pass filter; therefore, each

GW echo has a lower frequency content than the previous one. This
expectation is confirmed by Fig. 5.5, where we display the first four
echoes that are shifted in time and rescaled in amplitude so that their
global maxima are aligned, for a horizonless compact object with δ =

10−7M, R = 1, and χ = 0.

The frequency content of the signal starts roughly at the BH QNM
frequency even if the latter is not part of the QNM spectrum of a hori-
zonless compact object. The frequency content of each subsequent
echo decreases until the signal is dominated by the low-frequency ECO
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Fig. 5.5. The first four echoes in the time-domain waveform for a horizonless compact
object with χ = 0, R = 1, δ/M = 10−7. The waveform has been shifted in time and
rescaled in amplitude so that the global maxima of each echo are aligned. Note that each
subsequent echo has a lower frequency content than the previous one. [203]

QNMs at late times. In the example shown in Fig. 5.5, the frequencies
of the first four echoes are approximately Mω ≈ 0.34, 0.32, 0.3, 0.29,
whereas the real part of the fundamental QNM of a Schwarzschild BH
is MωR ≈ 0.37367. Therefore, the frequency content between the first
and the fourth echo decreases by ≈ 17%.

Let us notice that the case shown in Fig. 5.5 is the one that provides
the simplest echo pattern since χ = 0 and R is real. The spinning case
χ ̸= 0 or a complex choice of the surface reflectivity would provide a
more involved echo pattern and polarization mixing.

Our results show that two different situations can occur:

A) the reflectivity R of the object is small enough so that the ampli-
tude of subsequent echoes is suppressed. In this case, most of the
SNR is contained in the first few echoes with a frequency slightly
smaller than the fundamental BH QNM.

B) the reflectivityR is close to unity so that subsequent echoes are rel-
evant and contribute to the total SNR significantly. In this case, the
frequency content becomes much smaller than the fundamental
BH QNM at late times.

Clearly, the low-frequency approximation used to derive the analytical
template is expected to be accurate in case B) and less accurate in case
A).
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Fig. 5.6. Ringdown of a horizonless compact object with radius r0 = 2M(1 + ϵ) and
effective shear viscosity η. We consider axial perturbations and an initial Gaussian profile.
Top panel: when ϵ ≪ 0.01, GW echoes appear for several values of η related to the
reflectivity of the object. Bottom panel: a selection of ringdown waveforms for ϵ ≳ 0.01.
In this case, the prompt ringdown is modified and GW echoes are absent. [199]

5.4. Modifications to the prompt ringdown
The prompt ringdown is associated with the scattering of a wave

packet off the photon-sphere barrier. If ϵ is sufficiently small, the follow-
ing causality argument shows that the boundary conditions at the radius
of the object cannot affect the prompt ringdown. The decay timescale
of the prompt ringdown is associated with the instability timescale of
the photon orbits at the light ring, or equivalently to the decay time
of the BH fundamental QNM. Thus, the boundary condition at the ra-
dius of the compact object does not affect the prompt ringdown if the
round-trip time of the radiation from the photon sphere to the boundary
is much longer than the decay time of the BH fundamental QNM. In
the Schwarzschild case, the round-trip time of the radiation in the cav-
ity is in Eq. (5.1), whereas the decay time of the fundamental QNM is
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τdamp = −1/ωI ≈ 10M. Consequently, when ϵ ≪ O(0.01) the prompt
ringdown is not modified and late-time GW echoes are emitted. On the
other hand, if ϵ ≳ O(0.01) the object’s interior should affect the prompt
ringdown.

These expectations are confirmed by the ringdownwaveforms shown
in Fig. 5.6, that are obtained by solving the linearized problem for ax-
ial perturbations in the Schwarzschild background. The boundary
condition at the radius of the compact object is obtained as the in-
verse Fourier transform of the boundary condition in Eq. (3.25). The
perturbation has an initial Gaussian profile where ψ(r∗, 0) = 0 and
∂tψ(r∗, 0) = exp[−(r∗ − 7)2]. The integration is performed using a
fourth-order Runge-Kutta finite-difference scheme. The top panel of
Fig. 5.6 shows the case in which ϵ ≪ O(0.01). Confirming previous
results, the prompt ringdown is universal and the details of the ob-
ject’s interior appear as GW echoes after the initial ringdown. The time
delay is given in Eq. (5.1), and their phase and frequency content are
modulated by the boundary conditions and the tunneling through the
potential barrier. The amplitude of the GW echoes depends on the shear
viscosity η of the fictitious fluid located at the radius of the compact
object, as described in Sec. 3.3.3. In particular, η ≈ 0 corresponds to
|R|2 ≈ 1 for which the amplitudes of the subsequent echoes are only
mildly damped, whereas the absorption is maximized as η ≈ ηBH. In
the latter case, the linear response is identical to that of a BH, since the
boundary conditions are the same in the limit η → ηBH and ϵ → 0.

The bottom panel of Fig. 5.6 focuses on the case ϵ ≳ O(0.01), where
the prompt ringdown is modified and no subsequent echoes appear.
The changes to the prompt ringdown can be understood by considering
that the part of the wave packet that initially tunnels through the barrier
has enough time to be reflected at the radius of the object and tunnel to
infinity. This process results in a superposition of the two pulses (the
one directly reflected by the potential barrier and the one reflected by
the object), which can interfere in an involved pattern. When the two
pulses sum in phase, the interference can produce high peaks in the
prompt ringdown. At late time, the prompt ringdown is dominated
by the fundamental QNM of the object, that is not the mode of the
universal prompt ringdown in the BH case. Indeed, by fitting the time-
domain waveform at late times with a damped sinusoid, we can verify
that the prompt ringdown is governed by the fundamental QNM of the
horizonless object shown in Fig. 3.5.
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Finally, one might wonder why there are no echoes for ϵ ≳ O(0.01).
The reason is that only waves with frequency V(r0) < ω2 < Vmax can
be trapped between the radius of the object and the potential barrier.
Therefore, when the compactness decreases, the resulting cavity is small.
Furthermore, the transmission coefficient of the potential barrier is large
when ω2 ≲ Vmax which implies that these frequencies cannot be trapped
efficiently. In practice, for ϵ ≳ O(0.01) one only sees the interference
between the prompt ringdown and the first echo, while subsequent
reflections are strongly suppressed or absent, as in the bottom panel of
Fig. 5.6.

5.5. Prospects of detection
In this section, we use the template derived in Sec. 5.2 for a prelim-

inary error estimation of the ECO properties with current and future
GW detectors.

The ringdown+echo signal in the frequency domain displays reso-
nances that originate from the long-lived QNMs of horizonless compact
objects, as shown in the right panel of Fig. 5.2. The relative amplitude of
each resonance depends on the source and the dominant modes are not
necessarily the fundamental harmonics [208, 70]. Moreover, the ampli-
tude of the echo signal depends strongly on the surface reflectivity of
the object, especially when |R| ≈ 1. This suggests that the detectability
of (or the constraints on) the echoes depends strongly on the surface
reflectivity and would be more feasible when |R| ≈ 1. In the follow-
ing, we quantify this expectation using a Fisher matrix analysis that is
accurate at large SNR [285]. The analysis is performed as in Ref. [273],
additionally including the spin of the object and allowing for a complex
reflection coefficient.

We compute the Fisher matrix with the template h̃( f ) = Z̃+( f ),
using the sensitivity curves of aLIGO with the design-sensitivity
ZERO_DET_high_P [268] and two configurations for the third-generation
instruments: Cosmic Explorer in the narrow band variant [6, 122], and
Einstein Telescope in its ET-D configuration [160]. We also consider
the noise spectral density of LISA proposed in Ref. [31]. Details on the
Fisher information matrix are given in Appendix 3.7. We focus on the
most relevant case of ℓ = m = 2 gravitational perturbations we consider
a remnant with M = 30 M⊙ (M = 106 M⊙) for ground (space) based
detectors.
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Fig. 5.7. Left panel: relative percentage error on the reflection coefficient, ∆|R|/|R|
multiplied by the SNR, as a function of |R| for different values of the spin. The inset
shows the same quantity as a function of 1 − |R|2 in a logarithmic scale. From top to
bottom: χ = (0.9, 0.8, 0.7, 0.6, 0.5, 0.4, 0.3, 0.2, 0.1). Middle panel: same as in the left panel
but for the absolute percentage error on the phase ϕ of the reflection coefficient, i.e.,
ρ∆ϕ. Right panel: same as in the left panel but for the compactness parameter δ/M, i.e.,
∆(δ/M)/(δ/M). We assume δ = 10−7 M, where the errors are independent of δ when
δ ≪ M. We set ϕ = 0 (i.e., we consider a real and positive R), but other choices give
similar results. [203]

As discussed in Sec. 5.2.5, the most generic BH ringdown template
contains 7 parameters (mass, spin, two amplitudes, two phases, and
starting time). For simplicity, we focus on a linearly polarized ringdown,
and we do not include the parameters A× and ϕ×. This implies that the
Fisher analysis has 5 standard ringdown parameters. Furthermore, the
template depends on two ECO quantities, i.e., the surface reflectivity and
the compactness of the ECO. We parametrize the surface reflectivity as
in Eq. (5.23), where |R| and ϕ are assumed to be frequency independent
for simplicity. This yields three ECO dimensionless parameters: δ/M,
|R|, and ϕ.

We analyze two cases: (i) a conservative case, in which the errors on
the 5 + 3 parameters are extracted in a Fisher matrix framework, and
(ii) a more optimistic case, in which the standard ringdown parameters
can be measured independently in the prompt ringdown and we are
left with the measurement errors on the 3 ECO parameters.

5.5.1. Conservative case: 5 ringdown+3 ECO parameters
The main results for the statistical errors on the ECO parameters

are shown in Fig. 5.7. In the large SNR limit, the errors scale as 1/ρ,
where ρ is defined in Eq. (3.110) in Appendix 3.7. Hence, Fig. 5.7
shows the quantities ρ∆|R|/|R| (left panel), ρ∆ϕ (middle panel), and
ρ∆(δ/M)/(δ/M) (right panel) as a function of the surface reflectivity
for several values of the spin.
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Fig. 5.8. Same as in Fig. 5.7 but including only the three ECO parameters (|R|, ϕ, and
δ/M) in the Fisher analysis. [203]

For a given SNR, the relative errors are almost independent of the
sensitivity curve of the detector, at least for the signals that are located
near the minimum of each sensitivity curve. Moreover, the statistical
errors are almost independent of the compactness of the object when
δ/M ≪ 1. Fig. 5.7 shows that the statistical errors depend strongly on
the surface reflectivity of the object. The reason for this can be traced
back to the presence of resonances as R ≈ 1. This feature confirms that
it should be relatively straightforward to rule out or detect models with
|R| ≈ 1, whereas it is increasingly more difficult to constrain models
with smaller values of |R|.

We also notice that the value of the spin of the remnant affects the
errors on |R| mildly, whereas it has a stronger impact on the phase of
R (probably due to the aforementioned mixing of the polarizations)
and a moderate impact on the errors on δ/M. Overall, the specific value
of ϕ does not affect the errors significantly, although it is important to
include it as an independent parameter to not underestimate the errors.

5.5.2. Optimistic case: 3 ECO parameters
Let us now assume that the standard ringdown parameters (mass,

spin, amplitude, phase, and starting time) can be measured indepen-
dently in the prompt ringdown signal, that is identical for BHs and ECOs
with δ/M ≪ 1. In this case, the remaining three ECO parameters (|R|,
ϕ, and δ/M) can be measured a posteriori, assuming that the standard
ringdown parameters are known.

A representative example for this optimistic scenario is shown in
Fig. 5.8. As expected, the errors are significantly smaller, especially the
ones on the phase of the reflectivity. The errors on the surface reflectivity
are only mildly affected, and the projected constraints on |R| at different
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Fig. 5.9. Projected exclusion plot for the ECO reflectivity |R| as a function of the SNR
in the ringdown phase. The shaded areas are the regions that can be excluded at a
given confidence level (2σ, 3σ, 4σ, 5σ). Vertical bands are the typical SNRs achievable
by aLIGO/Virgo, third-generation ground-based detectors, and LISA in the ringdown
phase; the horizontal band is the region excluded by the ergoregion instability [201, 200].
We assume χ = 0.7 for the spin of the remnant, and the result depends mildly on the
spin. [203]

confidence levels are similar to the ones shown in Fig. 5.9.

5.5.3. Constraints on the reflectivity
Let us calculate the SNR that is necessary to discriminate a partially-

absorbing horizonless compact object from a BH on the basis of a mea-
surement of the surface reflectivity at some confidence level. Clearly,
if ∆|R|/|R| > 100%, any measurement would be compatible with the
BH case (R = 0). On the other hand, relative errors ∆|R|/|R| <

(4.5, 0.27, 0.007, 0.00006)% suggest that it is possible to detect or rule out
a given model at (2, 3, 4, 5)σ confidence level, respectively. The result
of this analysis is shown in Fig. 5.9 that represents the exclusion plot
for the parameter |R| as a function of the SNR in the ringdown phase,
ρringdown. The shaded areas are the regions that can be excluded at some
given confidence level. Large SNRs would allow us to probe values of
the surface reflectivity close to the BH limit, R ≈ 0.

The extent of the constraints depends strongly on the confidence level.
For example, ρringdown ≈ 100 would allow us to distinguish horizonless
compact objects with |R|2 ≳ 0.1 from BHs at 2σ confidence level, but a
3σ detection would be possible if |R|2 ≳ 0.8.

Our analysis suggests that horizonless models with |R|2 ≈ 1 can be
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detected or ruled out with aLIGO/Virgo (for events with ρringdown ≳ 8)
at 5σ confidence level. These events could also allowus to probe values of
the reflectivity as small as |R|2 ≈ 0.8 at 2σ confidence level. Horizonless
compact objects with |R|2 = 1 are already ruled out by the ergoregion
instability [201, 200], the absence of a GW stochastic background in the
LIGO O1 run due to spin loss [38], and the negative searches for GW
echoes [18].

Excluding or detecting echoes for models with smaller values of the
reflectivity (for which the ergoregion instability is absent) requires SNRs
in the postmerger phase of O(100). This will be achievable only with
third-generation detectors (Einstein Telescope and Cosmic Explorer)
and with the space-based mission LISA. Our preliminary analysis con-
firms that very stringent constraints on (or detection of) ultracompact
horizonless objects can be obtained with current (and especially future)
interferometers.

5.6. Appendix: Black hole response to sources
In this appendix, we provide the expressions for the BH response at

the horizon for some specific toy models of the source. In the following,
we assume that the source is localized within the cavity.

The simplest case is that of a Gaussian source localized in space in
which the frequency dependence can be factored out

S̃(r∗, ω) = C(ω) exp
(
− (r∗ − rs

∗)
2

σ2

)
, (5.26)

where rS
∗ is the location of the source in the tortoise coordinate, and

|rs
∗| ≪ M. It is easy to show that

Z̃+
BH = e2ikrs

∗ Z̃+
BH . (5.27)

The latter equation, together with Eq. (5.15), yields

Z̃−
BH =

(
e2ikrs

∗ +RBH

TBH

)
Z̃+

BH . (5.28)

Remarkably, the above relation is independent of the width σ of the
Gaussian source and the function C(ω) characterizing the source.

Inspired by Eq. (5.27), we can also parametrize the BH response Z̃+
BH

in a model-agnostic way with a generically complex proportionality
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factor
Z̃+

BH = ηeiνZ̃+
BH , (5.29)

where η and ν are (real) parameters of the template. Since the BH
response at intermediate times is dominated by the QNM frequencies, a
model in which Z̃+

BH = F (ω)Z̃+
BH can be reduced effectively to Z̃+

BH =

F (ωR)Z̃+
BH. In such case, the term F (ωR) = ηeiν can be interpreted as

a generic parametrization of a complex number.
Finally, another possible model for the source is a plane-wave source

that travels towards r∗ → ±∞, where

S̃(r∗, ω) =
∫

dteiωtS(r∗, t) =
∫

dteiωtS(0, t ∓ r∗) = S̃(0, ω)e±iωr∗ .

(5.30)
Using Eq. (5.6), we obtain

Z̃+
BH(ω) = Z̃−

BH(ω)

∫ +∞
−∞ dr∗X−

s e±iωr∗
∫ +∞
−∞ dr∗X+

s e±iωr∗
, (5.31)

or, more explicitly,

Z̃+
BH(ω) = Z̃−

BH(ω)

[∫
r∗∼0

dr∗X−
s eiωr∗ +

∫ ∞
(Aoute2iωr∗ + Ain)dr∗

+
∫

−∞
dr∗eimΩr∗

]/ [∫
r∗∼0

dr∗X+
s eiωr∗ +

∫ ∞
e2iωr∗dr∗

+
∫

−∞
(Boute2iωr∗−imΩr∗ + BineimΩr∗)dr∗

]
, (5.32)

where r∗ ∼ 0 is the regionwhere the potential is non-zero andwe consid-
ered the case of a plane wave traveling to r∗ → +∞ for ease of notation.
Since Z̃+

BH(ω) has poles at ωQNM = ωR + iωI , we also expect Z̃−
BH(ω)

to have the same poles. Given that ωI < 0, the terms
∫ +∞ dr∗ dominate

the numerator and the denominator of Eq. (5.32) for ω ≈ ωQNM and
yield

Z̃+
BH ≈ −

(
RBH

TBH

)∗
Z̃−

BH . (5.33)

The case of a plane wave traveling towards r∗ → −∞ gives the same
relation.
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6. Horizonless extreme mass-ratio inspirals

Com’era il nostro gioco? È presto detto. Lo spazio essendo curvo, attorno alla
sua curva facevamo correre gli atomi, come delle biglie, e chi mandava più

avanti il suo atomo vinceva. Nel dare il colpo all’atomo bisognava calcolar bene
gli effetti, le traiettorie, saper sfruttare i campi magnetici e i campi di

gravitazione, se no la pallina finiva fuori pista ed era eliminata dalla gara.
Italo Calvino, Le Cosmicomiche

EMRIs are binary systems in which a stellar-mass compact object
orbits around a supermassive compact object at the center of a galaxy.
EMRIs are one of the main target sources of the space-based interferom-
eter LISA, and are unique probes of the nature of supermassive compact
objects. The defining feature of a classical BH is to be a perfect absorber
since its event horizon is a one-way hypersurface. Thus, any evidence
of partial reflectivity would indicate a departure from the classical BH
picture. In this chapter, we shall show that LISA would be able to probe
the reflectivity of compact objects with unprecedented accuracy.

6.1. A model for the central compact object
Weanalyze a central horizonless compact objectwhose exterior space-

time is described by the Kerr metric, as detailed in Sec. 4.1. The radius of
the compact object is located as in Eq. (2.1) where ϵ ≪ 1. For example,
if the radius of the object is at r0 = r+ + lPlanck, then ϵ ∼ 10−44 for a
supermassive compact object with mass M = 106M⊙ and spin χ = 0.9.

The properties of the interior structure are modeled in terms of a
complex and frequency-dependent reflectivity coefficient R(ω) at the
surface of the object. Spinning horizonless compact objects with a per-
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fectly reflecting surface (|R|2 = 1) are affected by an ergoregion in-
stability when spinning sufficiently fast. In the following, we focus on
stable spinning models with partial absorption (|R|2 < 1), as detailed
in Sec. 4.5. We also analyze a model of quantum BH with Boltzmann
reflectivity (|R(ω)|2 = e−|k|/TH , where k is the corotating frequency and
TH is the Hawking temperature), that is stable against the ergoregion
instability for any spin [229].

6.2. Linear perturbations from a point particle

We analyze a pointlike source orbiting around a central compact
object which is either a Kerr BH or a Kerr-like horizonless object. The
pointlike source moves along circular equatorial orbits from large dis-
tances to the ISCO. In line with the discussion in Sec. 4.1, we assume that
the gravitational perturbations in the exterior spacetime are described
as in the Kerr case. According to the Newman-Penrose formalism, the
Weyl scalar Ψ4 can be expanded as

Ψ4 = ρ̂4 ∑
ℓm

∫
dωRℓmω(r)−2Sℓmω(θ)ei(mφ−ωt) , (6.1)

where ρ̂ = (r − ia cos θ)−1, and the sum runs over ℓ ≥ 2 and −ℓ ≤
m ≤ ℓ. The radial wave function Rℓmω(r) obeys to the Teukolsky master
equation [275, 277, 274]

∆2 d
dr

(
1
∆

dRℓmω

dr

)
+

[
K2 + 4i(r − M)K

∆
− 8iωr − λ

]
Rℓmω = Tℓmω ,

(6.2)
and the spin-weighted spheroidal harmonics−2Sℓmω(θ)eimφ satisfy Eq. (4.8)
with s = −2. The polar part of the spin-weighted spheroidal harmonics
is normalized such that

∫ 1

−1
|−2Sℓmω(cos θ)|2 d cos θ = 1 . (6.3)

The source term Tℓmω is constructed by projecting the stress-energy
tensor Tαβ of a pointlike source with respect to the Newman-Penrose
tetrad, where [133]

Tαβ = µ
uαuβ

Σ sin θut δ (r − r(t)) δ (θ − θ(t)) δ (φ − φ(t)) , (6.4)
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with µ being the mass of the small orbiting body, uα = dzα/dτ, zα =

(t, r(t), θ(t), φ(t)) is the geodesic trajectory, and τ is the particle proper
time. The mass ratio of the system is defined as q ≡ µ/M.

In the case of circular equatorial orbits, θ(t) = π/2. In corotating
orbits, the orbital radius is related to the orbital angular frequency by

Ω =
√

M/(a
√

M + r3/2) . (6.5)

6.2.1. Central black hole

Let us first review the standard BH case. Owing to the presence of
the horizon, the two independent homogeneous solutions of Eq. (6.2)
have the following asymptotic behavior

Rin
ℓmω ∼




Btrans
ℓmω ∆2e−ikr∗ as r∗ → −∞

r3Bref
ℓmωeiωr∗ + r−1Binc

ℓmωe−iωr∗ as r∗ → +∞
, (6.6)

Rup
ℓmω ∼




Cup
ℓmωeikr∗ + ∆2Cref

ℓmωe−ikr∗ as r∗ → −∞

r3Ctrans
ℓmω eiωr∗ as r∗ → +∞

, (6.7)

where k = ω −mΩH , and ΩH = a/(2Mr+) is the angular velocity at the
horizon of the Kerr BH. The inhomogeneous solution of the Teukolsky
equation (6.2) is constructed as [133]

Rℓmω =
1

Wℓmω


Rup
ℓmω(r)

 r

r+
dr′

Tℓmω(r′)Rin
ℓmω(r

′)

∆2(r′)

+ Rin
ℓmω(r)

 ∞

r
dr′

Tℓmω(r′)Rup
ℓmω(r

′)

∆2(r′)


, (6.8)

where Wℓmω is the Wronskian given by

Wℓmω = ∆−1


Rin
ℓmω

dRup
ℓmω

dr
− Rup

ℓmω

dRin
ℓmω

dr



= 2iωCtrans
ℓmω Binc

ℓmω . (6.9)

The inhomogeneous solution in Eq. (6.8) has the following asymptotic
behavior

Rℓmω ∼




ZH
ℓmω∆2e−ikr∗ as r∗ → −∞

Z∞
ℓmωr3eiωr∗ as r∗ → +∞

, (6.10)
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where

ZH
ℓmω = CH

ℓmω

∫ ∞

r+
dr′

Tℓmω(r′)Rup
ℓmω(r

′)

∆2(r′)
, (6.11)

Z∞
ℓmω = C∞

ℓmω

∫ ∞

r+
dr′

Tℓmω(r′)Rin
ℓmω(r

′)

∆2(r′)
, (6.12)

and
CH
ℓmω =

Btrans
ℓmω

2iωCtrans
ℓmω Binc

ℓmω

, C∞
ℓmω =

1
2iωBinc

ℓmω

. (6.13)

The amplitudes ZH
ℓmω and Z∞

ℓmω determine the gravitational energy
fluxes emitted at infinity and through the horizon [274, 163]:

Ė∞ = ∑
ℓm

|Z∞
ℓmω |

2

4π(mΩ)2 , (6.14)

ĖH = ∑
ℓm

αℓm|ZH
ℓmω |

2

4π(mΩ)2 , (6.15)

where

αℓm =
256(2Mr+)5k(k2 + 4ϖ2)(k2 + 16ϖ2)(mΩ)3

|cℓm|2
, (6.16)

where ϖ =
√

M2 − a2/(4Mr+) and

|cℓm|2 = [(λ + 2)2 + 4ma(mΩ)− 4a2(mΩ)2]

× [λ2 + 36ma(mΩ)− 36a2(mΩ)2]

+ (2λ + 3)[96a2(mΩ)2 − 48ma(mΩ)]

+ 144(mΩ)2(M2 − a2) . (6.17)

For circular equatorial orbits, the angular momentum fluxes are related
to the energy fluxes, at infinity and the horizon, by J̇∞,H = Ė∞,H/Ω.

In the case of a central BH, the total energy flux emitted by a point
particle in a circular equatorial orbit with orbital angular frequency Ω is

Ė(Ω) = Ė∞(Ω) + ĖH(Ω) , (6.18)

where Ė∞(Ω) and ĖH(Ω) are defined in Eqs. (6.14) and (6.15), respec-
tively.
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6.2.2. Central horizonless compact object
Let us analyze the case of a horizonless compact object whose cor-

rections to the Kerr case are incorporated in the boundary condition at
the radius of the object. A gravitational perturbation can be written as a
superposition of ingoing and outgoing waves at the radius of the object
as in Eq. (4.21), where the surface reflectivity of the object is defined in
Eq. (4.22). For a generically complex and frequency-dependent reflectiv-
ity, a horizonless compact object is described by the boundary condition
in Eq. (4.25) that reduces to the BH boundary condition when R = 0.

In the horizonless case, the solutions of the homogeneous Teukolsky
equation are such that the ‘up’ modes have the same asymptotics as in
Eq. (6.7), whereas the ‘in’ modes have the following asymptotics

Rin
ℓmω ∼




B′trans
ℓmω ∆2e−ikr∗ + C′up

ℓmωeikr∗ as r∗ → r0
∗

r3B′ref
ℓmωeiωr∗ + r−1B′inc

ℓmωe−iωr∗ as r∗ → +∞
, (6.19)

where

B′trans
ℓmω = Btrans

ℓmω + c1Cref
ℓmω , (6.20)

C′up
ℓmω = c1Cup

ℓmω , (6.21)
B′ref
ℓmω = Bref

ℓmω + c1Ctrans
ℓmω , (6.22)

B′inc
ℓmω = Binc

ℓmω , (6.23)

and the coefficient c1 is determined by imposing the boundary condition
in Eq. (4.25) where

Rℓmω = Rin
ℓmω + c1Rup

ℓmω . (6.24)

The inhomogeneous solution of the Teukolsky function is derived as in
Eq. (6.8), with Rin

ℓmω as in Eq. (6.19) and Rup
ℓmω as in Eq. (6.7), and it has

the following asymptotic behavior

Rℓmω ∼




ZH+

ℓmω∆2e−ikr∗ + ZH−
ℓmωeikr∗ as r∗ → r0

∗

Z∞
ℓmωr3eiωr∗ as r∗ → +∞

, (6.25)

where

ZH+

ℓmω = ZH
ℓmω , ZH−

ℓmω =
C′up
ℓmω

B′trans
ℓmω

ZH
ℓmω . (6.26)

To determine the energy emitted by the particle in the horizonless case,
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we note that – by assumption – the gravitational perturbations in the
neighbourhood of the particle are exactly those of a Kerr background,
albeit with unusual boundary conditions. We can, therefore, determine
the emitted energy by appealing to the energy balance law in the Kerr
background. The energy flux to infinity is formally given by the same
formula as in the BH case, Eq. (6.14). The energy flux to the ECO side
is determined by extending Rℓmω analytically to the horizon of the Kerr
background and measuring the flux there. Thus, the internal energy
flux on the ECO side Ėint is given by

Ėint = ĖH+ − ĖH−
, (6.27)

where ĖH+ and ĖH− are the energy fluxes across the future and past
horizon, respectively. The energy flux across the future horizon is given
in Eq. (6.15) as in the BH case, whereas the energy flux coming in across
the past horizon is [274]

ĖH−
= ∑

ℓm

ω

4πk(2Mr+)3(k2 + 4ϖ2)
|ZH−

ℓmω |
2 . (6.28)

In the case ofR = 0, Eq. (6.27) reduces to Ėint = ĖH+ . When |R(ω)|2 =

1, the outgoing flux is equal to the ingoing flux at the radius of the object
and Ėint = 0, as expected from perfectly reflecting boundary conditions.

In the ECO case, the total energy flux emitted by a point particle in a
circular equatorial orbit is

Ė(Ω) = Ė∞(Ω) + Ėint(Ω) , (6.29)

where Ė∞(Ω) and Ėint(Ω) are defined in Eqs. (6.14) and (6.27), respec-
tively.

6.3. Numerical procedure
We study the dynamics of a point particle in circular equatorial orbits

around a Kerr-like horizonless object by adapting the frequency-domain
Teukolsky code originally developed in Refs. [286, 289, 287, 288]. In
particular, the solutions to the homogeneous Teukolsky equation are
calculated via the numerical Mano-Suzuki-Takasugi method [206, 207,
133, 132]. We have modified the boundary conditions at the radius of
the compact object in terms of R(ω) and ϵ as discussed in Sec. 6.2.2,
and computed the energy and angular-momentum fluxes at infinity and
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through the object’s surface.
Our algorithm is as follows:

1. Choose the intrinsic parameters of the binary, namely the central
mass M, the mass ratio q ≪ 1, the primary spin χ, the reflectivity
R(ω), and the compactness of the central object via ϵ.

2. For a given ℓ = m mode, produce the data for a bound orbit with
orbital radius r and compute the energy fluxes in the cases of a
central BH and a central horizonless compact object, respectively.

3. Loop on the orbital radii with an equally spaced (radial) grid
starting from the ISCO radius to r = 10M.

4. Find the local maxima and minima in the energy fluxes at infinity
for a central horizonless compact object. If present, these extrema
bracket resonances in the flux that should be resolved by increasing
the grid resolution. Let us notice that the initial equally-spaced
grid in the orbital radii needs to be dense enough to find local
maxima and minima in the energy fluxes. For this reason, we set
the initial discretization in the orbital radii to be 0.003M.

5. Refine the grid on the orbital radii around the local maxima and
minima through the bisection method until a target accuracy is
reached. The refinement of the grid stops either when the differ-
ence between two subsequent orbital radii is < 10−5M or when
the difference in the energy fluxes of two subsequent points is
< 10−5q2.

6. For a given ℓ and each m = ℓ − 1, ..., 1 loop on the orbital radii
with an equally spaced grid from the ISCO radius. The loop on
the orbital radii stops when the total energy flux in the case of a
central BH (defined in Eq. (6.18)) in a given ℓ, m mode is 10−6

times smaller than the total energy flux in the dominant mode
with ℓ = m.

7. For a given ℓ and each m = ℓ− 1, ..., 1 repeat steps 4 and 5.

8. For the harmonic index ℓ = 2, ..., ℓmax = 12 repeat the steps 2 to 7.

9. For each ℓ, m mode, interpolate the total energy flux as a function
of the orbital angular frequency.
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10. Sum over the modes and perform an integration to compute the
orbital phase both in the BH and in the horizonless cases. The
initial condition on the orbital angular frequency is Ω0 = Ω(r =
10M) and the integration stops at the inspiral-plunge transition
frequency Ω(tmax) = Ω(r = rISCO + 4q2/3) [227].

We compute the gravitational waveform where for the modes with
negative m we make use of the following symmetries

Z∞
ℓ−mω = (−1)ℓ (Z∞

ℓmω)
∗ , (6.30)

−2Sℓ−mω(θ) = (−1)ℓ −2Sℓmω(π − θ) . (6.31)

For each ℓ, m mode the asymptotic amplitudes at infinity and the spin-
weighted spheroidal harmonics are interpolated functions of the time-
dependent orbital angular frequency. The waveform is constructed
by summing over the modes with ℓ ≤ 4 and −ℓ ≤ m ≤ ℓ. In the
case of small reflectivity (|R|2 ≤ 10−6) the waveform is constructed
by summing over the ℓ, m modes until ℓ = 5 since one needs higher
accuracy to keep the truncation errors smaller than the ECO corrections.
We checked that the mismatch between the BH and ECO waveforms
does not change quantitatively by including modes with higher ℓ in the
waveforms.

We tested our code by reproducing the standard results for the Kerr
BH case [164, 48, 271, 152]. Furthermore, we reproduced the results of
Ref. [110], where the horizonless case is obtained from the BH case by
artificially imposing that only a fraction (1 − |R|2) of the radiation is
absorbed at the surface.

The fractional truncation error of the code in the dephasing is esti-
mated as ∆tr = 1 − ∆ϕℓmax+1(t f )/∆ϕℓmax(t f ), where the energy fluxes
are truncated at ℓmax = 12 and t f is the time in which the orbital radius
reaches r = rISCO + 4q2/3. For a reference compact object with χ = 0.9,
|R|2 = 0.9, ϵ = 10−10, and q = 3 × 10−5, we find ∆tr = 2 × 10−5.

6.4. Energy fluxes and excitation of resonances
Horizonless compact objects contain low-frequency modes in their

spectrum that are associated with long-lived states confined within
the photon sphere, as described in Sec. 3.2.4. At variance with the BH
case, these low-frequency modes can be excited during the inspiral
when the orbital frequency matches the QNM frequencies, leading to
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resonances in the fluxes [238, 197, 128]. The role of the resonances in the
EMRI dynamics was studied in Ref. [78] for a perfectly reflecting and
non-spinning horizonless object in the low-frequency approximation.
The analysis of Ref. [78] assessed that the impact of such excitations is
negligible since the resonances are very narrow and are crossed quickly
during the inspiral. In the following, we shall extend the analysis of
Ref. [78] to the case of a partially absorbing compact object with generic
spin. As we shall show, differently from the analysis in Ref. [78], in
more generic cases the presence of resonances provides an important
contribution to the EMRI dynamics.

Another relevant feature of horizonless compact objects is the pres-
ence of partial reflectivity at the surface. In Ref. [110] a phenomenolog-
ical approach was adopted to parametrize the energy flux emitted by
a point particle around a horizonless and partially absorbing compact
object. In particular, the energy flux at infinity is modeled as the one in
the BH case, whereas the energy flux on the ECO side is modeled by
removing a (|R|2) fraction of TH from the BH energy flux through the
horizon, i.e., [110]

Ė(Ω) = E∞
BH(Ω) +

(
1 − |R|2

)
EH

BH(Ω) . (6.32)

The TH is associated with the energy and angular-momentum absorp-
tion by the compact object and results in an increase of the mass and an-
gular momentum of the latter, unless superradiance occurs [65]. Let us
notice that Eq. (6.32) does not include the excitation of the low-frequency
resonances in the energy fluxes both at infinity and on the ECO side.
Moreover, Eq. (6.32) does not fix a specific location of the radius of the
compact object. According to the analysis in Ref. [110], EMRIs could
provide constraints on the reflectivity of compact objects at the level
of |R|2 ≲ 10−4. We shall show that, by taking a consistent model of
horizonless compact object, the bounds derived by Ref. [110] can be
further improved by several orders of magnitude.

Let us analyze the energy flux emitted by a point particle in quasicir-
cular equatorial orbits around a spinning horizonless compact object, as
detailed in Sec. 6.2.2. The energy flux is computed as in Eq. (6.29) that
takes into account both the excitation of the low-frequency resonances
and the reflective properties of the compact object. As a representative
example, Fig. 6.1 shows the ℓ = m = 2 component of the energy flux
as a function of the orbital frequency for a horizonless compact object

6.	 Horizonless extreme mass-ratio inspirals 139



140CHAPTER6. HORIZONLESSEXTREMEMASS-RATIO INSPIRALS
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Fig. 6.1. Total energy flux of the ℓ = m = 2 mode as a function of the orbital angular
frequency for a point particle in quasicircular equatorial orbits from r = 10M (low
frequency) to r = rISCO (high frequency). The energy flux emitted in the case of a central
BHwith spin χ = 0.9 is compared to the case of a central horizonless compact object with a
perfectly reflecting surface (|R|2 = 1), spin χ = 0.9, and ϵ = 10−10. In the latter case, the
energy flux is resonantly excited when the orbital frequency matches the low-frequency
QNMs of the ECO [204].

with ϵ = 10−10, χ = 0.9, and two choices of perfectly reflecting bound-
ary conditions (Dirichlet and Neumann for the lower and upper case,
respectively, R = ±1). As expected, the flux is resonantly excited when
the orbital frequency matches the low-frequency QNMs of the central
object, i.e.,

Ω =
ωR
m

, (6.33)

where ωR is the real part of the QNM and m is the azimuthal number
of the perturbation. This is a striking difference with respect to the
BH case in which the QNMs have higher frequencies and cannot be
resonantly excited by quasicircular inspirals. In the small-ϵ limit, the
Dirichlet and Neumann modes are described by Eqs. (4.33) and (4.34)
with s = −2. As shown in Fig. 6.1, for a compact object with a given
spin and compactness, the modes are equispaced by

∆ωR =
π

|r0∗|
∼ | log ϵ|−1 , (6.34)

whereas consecutive Dirichlet and Neumannmode frequencies are sepa-
rated by half this width. The difference between consecutive resonances
scales as | log ϵ|−1. It follows that the resonances are denser in the ϵ → 0
limit.
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Interestingly, the resonances appear at the same frequencies in all
the individual fluxes: Ė∞, ĖH+ , and ĖH− . This is because the QNMs are
associated with the poles of the Wronskian appearing in the solutions
of the Teukolsky equation (as in Eq. (6.8)). However, when |R|2 = 1,
the fluxes ĖH+ and ĖH− are exactly equal to each other since Ėint = 0.
Consequently, for perfectly reflecting compact objects the resonances
appear only in the energy flux at infinity.

Equation (4.34) shows that ωI ≪ ωR, which implies that the res-
onances are typically very narrow and hard to resolve [238, 78, 128].
To assess the relation between the width of the resonances and the
imaginary part of the QNMs, we make use of the harmonic oscillator
model [250]. According to the latter, a compact object which resonates
at a QNM frequency can be modeled as a forced harmonic oscillator
that satisfies [250]

ξ̈ − 2ωI ξ̇ +
(

ω2
R + ω2

I

)
ξ = bω2e−iωt , (6.35)

where ξ is the amplitude of the GW emitted at infinity normalized by a
reference amplitude, e.g., the amplitude of the GW emitted at infinity
when the central object is a BH, and the orbiting point particle acts as a
driving force. The solution is ξ(t) = ξ(ω)e−iωt, where

ξ(ω) =
−bω2

ω2 − ω2
R − ω2

I − 2iωIω
. (6.36)

Near the resonance, the amplitude of the GW is the sum of two contri-
butions, one due to the orbital motion and one due to the resonance to
the QNM. The normalized energy flux across a single resonance is well
fitted by the model [250]

ĖECO

ĖBH = |1 − ξ(ω)|2 =

[
(1 − b)ω2 − ω2

R − ω2
I
]2

+ (2ωIω)2

(
ω2 − ω2

R − ω2
I
)2

+ (2ωIω)2
, (6.37)

where Ė is the total energy flux as computed in Eq. (6.18) and Eq. (6.29)
for the BH and ECO cases, respectively, b = 1 − (Ωmax/Ωmin)

2, and
Ωmax and Ωmin are the orbital angular frequencies of the maximum
and the minimum of each resonance. The width of each resonance in
the orbital frequency scales as δΩ ∼ ωI [78], where ωI ∼ ω2ℓ+2

R from
Eq. (4.34). It follows that the width of the resonances increases with the
orbital angular frequency, as it is shown in Fig. 6.1.
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Fig. 6.2. Energy fluxes that are emitted on the ECO side and at infinity by a point particle
around a central ECO with χ = 0.9, ϵ = 10−10, and R =

√
0.9 for the ℓ = m = 2 mode.

The fluxes are compared with those of Ref. [110] in which the effect of the ECO was
accounted for by removing a fraction of the tidal heating (TH) from the standard Kerr
flux. [204]

In the non-spinning and perfectly reflecting case, we recover the
results of Ref. [78], namely that low-frequency resonances do not con-
tribute significantly to the GW phase due to their narrow width. How-
ever, for highly spinning compact objects, the ISCO frequency occurs
at higher frequencies to the non-spinning case. Consequently, the reso-
nances with larger width can be excited and contribute to a significant
dephasing to the BH case (as shown in Sec. 6.5).

The system shown in Fig. 6.1 is purely indicative since a horizonless
compact object with a perfectly reflecting surface is unstable due to the
ergoregion instability and would spin down on short timescales (see
Secs. 4.4.4 and 4.5 for a related discussion). Stable models of horizonless
compact objects require either small values of the spin or partial absorp-
tion [201, 200]. In both cases, the resonances are less evident, as shown
in Fig. 6.2 for a partially absorbing compact object with |R|2 = 0.9, a
value that guarantees stability for a central object with spin χ = 0.9.

Fig. 6.2 shows that, also for reflectivities smaller than unity, the reso-
nances are excited both in the energy flux at infinity (Ė∞) and on the
ECO side (Ėint). The resonances are less peaked than in the perfectly
reflecting case but, as shown below, can still have a sufficiently large
width to be efficiently excited. Overall, the energy flux on the ECO side
is several orders of magnitude smaller than the energy flux at infin-
ity. However near the ISCO frequency, Ėint is comparable to Ė∞ and
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contributes significantly to the GW phase.
Finally, Fig. 6.2 also shows the energy fluxes at infinity and on the

ECO side computed in Ref. [110] by removing a fraction of TH from the
BH energy flux as in Eq. (6.32). In this case, the energy flux at infinity
is similar to the exact result except for the presence of the resonances
that are absent in the model of Ref. [110]. On the other hand, the energy
flux of the ECO side can change significantly. Due to the presence of the
resonances, Ėint computed in Ref. [110] is a sort of averaged value of
the exact result. The latter is modulated by the presence of resonances
that can be as high as the flux at infinity.

In Fig. 6.3 we show the difference between the total energy flux of
the ℓ = m = 2 mode in the horizonless case with respect to the BH case,
both in our consistent model and in the phenomenological approach
of Ref. [110]. In particular, the top panel shows the absolute value of
the difference between the ECO and BH fluxes on a logarithmic scale,
to appreciate the relatively small numbers involved. The bottom panel,
instead, shows the difference between the energy fluxes on a linear scale,
to appreciate the change of sign during the oscillations, for several values
of the reflectivity.

For |R|2 ≈ 1 the differences between the consistent model and the
model of Ref. [110] are due to two factors: the excitation of the res-
onances and the (subleading) effect that the flux computation in the
consistent model accounts for the fraction of the GWs that are reflected
by the object andmake their way to infinity rather than being reabsorbed
by the particle, as implicitly assumed in Ref. [110]. For small values of
the reflectivity, the difference between the consistent model and the phe-
nomenological one is even more important. In this case, the resonances
are suppressed in amplitude but still appear in the total energy flux with
a larger width, as shown in the top panel of Fig. 6.3. The bottom panel
grid in Fig. 6.3 shows the oscillatory trend of the total energy flux in
the horizonless case compared to the energy flux in Ref. [110] for small
reflectivities. The amplitude of the oscillations increases with the orbital
angular frequency and decreases with the reflectivity. The oscillations
are related to the resonances and, as we shall see in Sec. 6.5, they can
contribute significantly to the GW phase also for small values of the
reflectivity.

Interestingly, when the superradiance condition is met, Ω < ΩH , the
flux on the ECO side can be negative due to the energy and angular-
momentum extraction from the central object [65]. Since Ėint and Ė∞
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Fig. 6.3. Difference between the total energy flux of the ℓ = m = 2 mode in the ECO case
with respect to the BH case. Top panel: absolute value of the difference for a central object
with χ = 0.8, ϵ = 10−10, and several values of the reflectivity. The dotted lines are the
estimated differences in the total energy flux due to the absence of TH relative to the BH
case, as in Ref. [110]. Bottom panels: same as in the top panel but without the absolute
value and in a linear scale, to appreciate the change of sign of the oscillations associated
with the resonances. [204]

have the opposite sign, it is interesting to check whether they can com-
pensate each other at some given frequency, giving rise to a total zero
flux and hence to “floating” orbits [170, 76]. As clear from Fig. 6.2, in
the case of a single mode (e.g., ℓ = m = 2) such orbits would exist
near the high-frequency resonances, where Ėint (which is typically sub-
dominant) can be as large as Ė∞ in absolute value. When including the
contribution of multipoles, we find that the total flux at infinity is larger
than the flux on the ECO side because modes with different (ℓ, m) are
resonantly excited at different frequencies. The net result is that the
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total flux, Ė∞ + Ėint, is overall positive and the orbit shrinks during the
adiabatic evolution.

6.5. Adiabatic evolution and dephasing
In EMRIs, the radiation-reaction timescale is much longer than the

orbital period. For this reason, at the first order in the mass ratio the
orbital parameters can be evolved using an adiabatic expansion [161].
For a particle in a circular, equatorial and corotating orbit, the evolution
of the orbital angular frequency Ω and the orbital phase ϕ are governed
by

Ω̇ = −
(

dEb
dΩ

)−1
Ė(Ω) , (6.38)

ϕ̇ = Ω , (6.39)

where Eb is the binding energy of the system

Eb = µ
1 − 2v2 + χv3

√
1 − 3v2 + 2χv3

, (6.40)

where v ≡
√

M/r, r is the orbital radius that is related to the orbital
angular frequency through Eq. (6.5), and Ė(Ω) is the total energy flux
defined in Eqs. (6.18) and (6.29) in the BH and the ECO case, respec-
tively.

Equations (6.38) and (6.39) can be solved by adding two initial con-
ditions, namely

Ω(t = 0) = Ω0 , (6.41)
ϕ(t = 0) = 0 , (6.42)

without loss of generality. The GW phase of the dominant mode is re-
lated to the orbital phase by ϕGW = 2ϕ. We compute the GW dephasing
accumulated up to a certain time between the cases of a central BH and
a central horizonless compact object as [110]

∆ϕ(t) = ϕBH
GW(t)− ϕECO

GW (t) . (6.43)

6.5.1. Non-spinning central object
Let us analyze the case of a central compact object which is non-

spinning. Fig. 6.4 shows the dephasing in the case of a perfectly reflect-

6.	 Horizonless extreme mass-ratio inspirals 145



146CHAPTER6. HORIZONLESSEXTREMEMASS-RATIO INSPIRALS

ϵ=10-10ϵ=10-20ϵ=10-30

TH

0 1 2 3 4 5
10-5

0.001

0.100

10

t [months]

Δϕ[r
ad

]

Fig. 6.4. Dephasing as a function of time in the case of a non-spinning and perfectly
reflecting ECO relative to the Schwarzschild BH case for different values of the compactness
parameter ϵ and q = 3 × 10−5. The resonances in the energy flux do not contribute to
the dephasing which is well approximated by the phenomenological model in Ref. [110]
marked as TH. [204]

ing ECO relative to the Schwarzschild BH, for different values of the
compactness parameter ϵ. As shown in Fig. 6.4, the dephasing does not
depend on ϵ and is not affected by the resonances, that are too narrow
to be efficiently excited in the non-spinning case. For this reason, the
dephasing is well approximated by the model adopted in Ref. [110]
that removes a fraction of TH from the BH energy flux. Overall, the
results in Fig. 6.4 are compatible with the analytical estimates in Ref. [78]
which assessed that the impact of resonances is negligible in the case of
a non-spinning and perfectly reflecting compact object.

6.5.2. Spinning central object
Let us analyze the dephasing between a spinning horizonless com-

pact object and the standard Kerr case. This is shown in Fig. 6.5 for
a fiducial binary with primary mass M = 106M⊙, secondary mass
µ = 30M⊙, and a central object with spin χ = 0.8 and ϵ = 10−10. We
analyze different values of the reflectivity and for each of them, we
compare our exact result with the one of the model in Ref. [110].

The dephasing increases monotonically in time and also as a func-
tion of the reflectivity. When |R|2 ≈ 1, the difference to the model
in Ref. [110] is small until the inspiral moves across a resonance. In
particular, for |R|2 = 0.9, the dephasing in the horizonless case devi-
ates from the dephasing due to the absence of TH at t = 9.47 months
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Fig. 6.5. GW dephasing between the BH and the ECO case as a function of time for a
binary with mass ratio q = 3 × 10−5 and a central object with spin χ = 0.8, ϵ = 10−10 and
several values of the reflectivity. The dashed lines show the dephasing due to the absence
of TH relative to the BH case as in Ref. [110]. The vertical dashed line corresponds to the
time in which a resonant orbital frequency is excited. The horizontal line is a reference
value ∆ϕ = 0.1 rad for the resolvability of the dephasing by LISA. [204]

(marked in Fig. 6.5 by a dashed vertical line) due to the presence of a
ℓ = m = 2 resonance with MΩ = 0.0473 and MωI = −4.22 × 10−5.
Subsequent resonances are excited at later times and are responsible for
the deviations of the dephasing from the model adopted in Ref. [110].

Interestingly, the phenomenological model of Ref. [110] and the exact
result differ significantly for small reflectivities even if the resonances are
less evident. This is due to several factors: the energy fluxes at infinity
and on the ECO side display some differences in the two models since a
fraction of the energy is reflected by the object and leaves the system;
moreover, both fluxes (at infinity and on the ECO side) can be resonantly
excited only in our model and these resonances contribute significantly
to the GW phase even for intermediate values of R. The dephasing in
the consistent model is always larger than the dephasing with TH only.
For small values of R, the two models differ from each other but both
produce a small dephasing to the Kerr case.

For a signal with SNR ∼ 30, a dephasing ∆ϕ = 0.1 rad is consid-
ered to be resolvable by LISA [193, 60]. Fig. 6.5 shows that the phase
difference is above this threshold only after half a month of observation
for a horizonless compact object with |R|2 = 0.9. After twelve months
of inspiral, values of the reflectivity as small as |R|2 = 10−8 would be
detectable by LISA. In Sec. 6.6, we shall assess the measurability of the
reflectivity with a more robust method based on the computation of the
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Fig. 6.6. Top panel: Resonances in the ℓ = m = 2 energy flux for an ECO with χ = 0.8,
|R|2 = 0.9 and several values of ϵ, as a function of time. Bottom panel: GW dephasing
between the BH and the ECO case as a function of time for q = 3 × 10−5, χ = 0.8 and
several values of ϵ. [204]

overlap between the waveforms.

6.5.3. The role of the compactness
In this section, we analyze the role of the compactness in the energy

fluxes emitted by an EMRI with a central horizonless compact object.
The top panel of Fig. 6.6 shows the difference between the ECO and BH
energy fluxes for several values of ϵ as a function of time. We note that for
ϵ → 0, more resonances appear and they also appear at lower frequen-
cies. The first low-frequency resonances could give a large contribution
to the GW phase since the orbital evolution is slower at low frequency
and the particle can spend more time across the resonance. On the other
hand, the width of each resonance is proportional to the imaginary part
of the QNMs where ωI ∼ ω2ℓ+2

R , therefore low-frequency resonances

148 Probing the horizon of black holes with gravitational waves



6.6. WAVEFORM AND OVERLAP 149

are also more narrow. The two effects are competitive and the actual
contribution of a resonance on the GW phase depends on the specific
parameters of the configuration.

The bottom panel of Fig. 6.6 shows the dephasing between the ECO
and the BH case for several values of the reflectivity and compactness.
The dependence on ϵ is mild, except for the excitation of the resonances
whose impact depends on the specific values of χ, ϵ and R.

6.6. Waveform and overlap
The waveform emitted by an EMRI is computed from theWeyl scalar

in Eq. (6.1) at infinity and reads [164, 245]

h+ − ih× = − 2√
2π

µ

D ∑
ℓm

Z∞
ℓmω(t)

[mΩ(t)]2
eim(Ω(t)rD

∗ −ϕ(t))
−2Sℓmω(θ, t)eimφ ,

(6.44)
where D is the luminosity distance of the source from the detector,
rD
∗ ≡ r∗(D), and (θ, φ) identify the direction of the detector in a reference
frame centered at the source in Boyer-Lindquist coordinates. Since the
initial phase is degenerate with the azimuthal direction, we rescale the
initial phase as φ ≡ ϕ(t = 0).

Although the dephasing ∆ϕ between two waveforms (h1 and h2) is a
useful and quick measure to estimate the measurability of any deviation
from a reference signal, a more reliable and robust measure is given by
the overlap:

O(h1|h2) =
⟨h1|h2⟩√

⟨h1|h1⟩ ⟨h2|h2⟩
, (6.45)

where the inner product is defined in Eq. (3.109) od Appendix 3.7. For
the power spectral density, we adopt the LISA curve of Ref. [260] adding
the contribution of the confusion noise from the unresolved Galactic
binaries for a one-year mission lifetime. Since the waveforms are defined
up to an arbitrary time and phase shift, it is also necessary to maximize
the overlap in Eq. (6.45) over these quantities. This can be done by
computing [28]

O(h1|h2) =
4√

⟨h1|h1⟩ ⟨h2|h2⟩
max

t0

∣∣∣∣∣F
−1

[
h̃1h̃∗2

Sn( f )

]
(t0)

∣∣∣∣∣ , (6.46)

where F−1[g( f )](t) =
∫ +∞
−∞ g( f )e−2πi f td f is the inverse Fourier trans-

form. The overlap is defined such that O = 1 indicates a perfect agree-
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Fig. 6.7. Mismatch between the plus polarization of the waveforms with a central ECO
and a central BH as a function of time, for a binary with mass ratio q = 3 × 10−5 and a
central object with spin χ = 0.8 and several values of the reflectivity and the compactness.
The horizontal line is a reference value M ≈ 10−3 for the resolvability by LISA. [204]

ment between two waveforms. It is also customary to define the mis-
match as M ≡ 1 −O.

In Fig. 6.7 we show the mismatch between the waveforms in the ECO
case and in the Kerr case with the same mass and spin for various values
of the reflectivity and two choices of ϵ. Let us notice that the compactness
does not affect themismatch significantlywhen ϵ ≪ 1. Consistentlywith
dephasing presented in Sec. 6.5, the mismatch is larger in the consistent
model than in the phenomenological approach of Ref. [110], especially
at small reflectivity.

As a useful rule of thumb, two waveforms are indistinguishable for
parameter estimation purposes if [127, 193]

M ≲ 1/(2ρ2) , (6.47)

where ρ is the SNR of the true signal. For an EMRIwith ρ ≈ 20 (ρ ≈ 100)
one has M ≲ 10−3 (M ≲ 5 × 10−5). In Fig. 6.7, the more conservative
threshold M = 10−3 is denoted with a dashed horizontal line. Ex-
ceeding this threshold is a necessary but not sufficient condition for a
deviation to be detectable. This level of mismatch is quickly exceeded
after less than one year of data even for small values of the reflectiv-
ity. For example, for the fiducial case considered in Fig. 6.7 (χ = 0.8,
M = 106M⊙ and µ = 30M⊙), and assuming ρ = 20, the threshold is
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Fig. 6.8. Top panel: GW dephasing between the Kerr case and a quantum BH horizon
with Boltzmann reflectivity [in Eq. (6.49)], where q = 3 × 10−5, ϵ = 10−10 as a function
of time. Bottom panel: Mismatch between the plus polarization of the waveform with a
quantum BH horizon with Boltzmann reflectivity and a standard BH as a function of time
for several values of the spin. [204]

exceeded after roughly one year unless

|R|2 ≲ 10−8 . (6.48)

This result is in agreement with the estimation based on the dephasing
in Sec. 6.5. It shows that EMRIs could place stringent constraints on the
reflectivity of supermassive compact objects at the remarkable level of
O(10−6)%. Let us notice that the bound in Eq. (6.48) is solely based on
the mismatch calculation and does not take into account, e.g., correla-
tions with the waveform parameters. Rigorous parameter estimation is
necessary to derive an accurate projected upper bound in the case of no
detection.
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6.7. A case study: Boltzmann reflectivity
The surface reflectivity of a horizonless compact object can be a

complex function of the parameters of the model and the frequency.
In this section, we consider a case study for the ECO reflectivity. In
particular, we analyze a model recently proposed to describe quantum
BH horizons that gives rise to the “Boltzmann” reflectivity [229, 296]

R(ω) = e−
|k|

2TH , (6.49)

where TH = r+−r−
4π(r2

++a2)
is the Hawking temperature of a Kerr BH. In this

model, the reflectivity depends explicitly on the frequency and the spin
of the compact object. The reflectivity in Eq. (6.49) provides sufficient
absorption to quench the ergoregion instability and have a stable hori-
zonless compact object with any spin [229]. Let us notice that Eq. (6.49)
can also contain a phase term, that depends on the specificmodel and the
perturbation function on which the corresponding boundary condition
is imposed [229, 296, 299]. Recently, Refs. [94, 299] proposed a model of
the reflectivity that is related to the tidal response of the ECO to external
curvature perturbations. In this model, the reflectivity contains extra
terms that multiply the Boltzmann factor. For simplicity, we neglect
such phase terms, which would not affect our analysis significantly.

Figure 6.8 shows the dephasing (top panel) and the overlap (bottom
panel) obtained in the Boltzmann reflectivity model as compared to the
classical BH case. An interesting feature of this model is that there is no
free parameter that continuously connects themodel to the classical Kerr
case, so there is a concrete chance to rule it out with observations or to
provide evidence for it. Interestingly, owing to its spin dependence, the
Boltzmann reflectivity is much smaller at the relevant orbital frequencies
when the central object is highly spinning. Consequently, the dephasing
and the mismatch to the standard Kerr BH case are very small when
χ ≳ 0.8 as shown in Fig. 6.8. The oscillatory trend in the dephasing in
the top panel is due to the contribution of high-frequency resonances
appearing at late times.
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Conclusions and future prospects

According to the BH paradigm, any compact object heavier than
a few solar masses is described by the Kerr metric. In this thesis, we
considered the possibility that the compact objects in the Universe are
horizonless and singularity-free. This hypothesis is supported by several
models of ECOs that have been conceived in extensions of GR [144, 85].
ECOs are a tool that allows us to quantify the existence of horizons in
astrophysical sources.

In this thesis, we derived the characteristic frequencies of horizonless
compact objects in the ringdown [201, 199]. We developed a model-
independent framework relying on the membrane paradigm to quantify
the deviations from the BH spectrum [199]. We assessed that current
measurement accuracies impose a strong lower bound on the compact-
ness of the merger remnant of 90% of the BH compactness.

Spinning horizonless compact objects might be affected by an ergore-
gion instability when rotating sufficiently fast [130]. In this thesis, we
assessed the astrophysical viability of spinning horizonless compact
objects under linear perturbations. From the analysis of the QNM fre-
quencies, we determined the conditions for which horizonless compact
objects are unstable [201, 200]. Finally, we found a mechanism that al-
lows for stable solutions, i.e., energy absorption within the object [201].
We showed that a surface absorption of 60% ensures the stability of
horizonless compact objects for any spin [200].

In this thesis, we also explored the fingerprints of horizonless com-
pact sources in the appearance of a modulated train of GW echoes at
late times in the ringdown [81]. We provided an analytical template
for the GW echoes that relates the key parameters of ECOs with the
gravitational waveform [203]. This template would allow us to constrain
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the parameters of exotic sources or perform model selection in the case
of detection of GW echoes.

We also assessed how the future space-based interferometer LISA
will allow us to perform tests of the BH paradigm, especially with new
sources like EMRIs [52]. We derived the gravitational waveform emitted
by a stellar-mass object in orbital motion around a supermassive horizon-
less compact object. During the inspiral, we assessed the impact of extra
resonances that would be excited when the orbital frequency matches
the characteristic frequencies of the central ECO [78, 204]. Finally, we es-
timated that EMRIs could potentially place the most stringent constraint
on the reflectivity of supermassive compact objects at the remarkable
level of O(10−6)% [204].

A possible future research direction would be the development of
data analysis techniques to infer the properties of compact sources from
GW observations. Current constraints on the deviations from GR can be
converted into constraints on the parameters of astrophysical sources.
The mapping between the two descriptions needs to be developed and
would be relevant to understand the nature of compact sources.

Moreover, full inspiral-merger-ringdown waveforms in various mod-
ified theories of gravity and alternative sources need to be developed.
The accurate modeling of the gravitational waveform in alternative sce-
narios is crucial to look for new physics with current and future GW
detections. The comparison of the echo templates obtained within per-
turbation theory with the postmerger signal of an ECO coalescence is
an open problem. Numerical simulations of these systems are currently
unavailable.

Furthermore, the extension of the membrane paradigm to spinning
horizonless compact objects is left for future work. The membrane
paradigm would allow us to describe several models of spinning ECOs
with different interior solutions. The ECO phenomenology would be
parametrized in terms of the properties of a fictitious rotatingmembrane
located at the effective radius of the object.

Concerning EMRIs detectable by LISA, a natural extension concerns
the generalization to eccentric and inclined orbits. The bounds on the
reflectivity of compact objects estimated in our work are based on the
overlap calculation, and therefore neglect possible correlations among
the waveform parameters. An interesting research line would be to
perform accurate data analyses with exact waveforms either using the
Fisher-information matrix or Bayesian inference.
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